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Abstract
We study the asymptotic behavior, in a “semi-classical limit,” of the first eigenvalues
(i.e., the groundstate energies) of a class of Schrödinger operators with magnetic fields and
the relationship of this behavior with compactness in the ∂-Neumann problem on Hartogs
domains in C2.  2002 Elsevier Science (USA). All rights reserved.
1. Introduction
Let Ω be a bounded pseudoconvex domain in Cn. The complex Laplacian✷q is the operator ∂∂∗ + ∂∗∂ , acting as an (unbounded) self-adjoint operator on
L2(0,q)(Ω), the space of (0, q)-forms with coefficients in L2(Ω). It is a classical
result of Hörmander [1] that ✷q has a bounded inverse. This inverse is the ∂-
Neumann operator Nq . The ∂-Neumann operator is closely related to solving the
∂-equation and thus plays a central role in several complex variables. It is also of
considerable interest from the point of view of partial differential equations, where
it provides a prototype (of the solution) of an elliptic problem with noncoercive
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boundary conditions. For a detailed survey of the L2-Sobolev regularity theory of
the ∂-Neumann problem, we refer the reader to [2]. In particular, it is known that
global regularity holds in many cases, but not all [3]. A question closely related to
global regularity is that of compactness of the ∂-Neumann operator. This question
is of interest in its own right for a number of reasons; see [4] for a discussion of
various aspects of the problem. In the context of global regularity, the relevance
stems from a theorem of Kohn and Nirenberg [5] which implies that if Nq is
compact in L2(0,q)(Ω), then it is globally regular in the sense that it preserves the
L2-Sobolev spaces. Catlin [6] demonstrated that compactness provides indeed a
viable route to global regularity for the ∂-Neumann problem, the key being his
concept of property (P). He showed that property (P) implies compactness (hence
global regularity), and that it can be verified on large classes of domains. More
recently, compactness is also being studied as a property not only stronger than
global regularity, but one that is more robust and less subtle, and hence should
be more amenable to a reasonable characterization in terms of properties of the
boundary.
In this paper, we relate property (P) and compactness of the ∂-Neumann
operator on complete pseudoconvex Hartogs domains in C2 to the asymptotic
behavior of the groundstate energy of certain families of Schrödinger operators.
It is well known that ∂- and related problems on such domains can be studied
by means of the corresponding weighted problem on the base domain; see, for
example, [7,8] and references therein. In turn, studying the ∂-equation in weighted
L2-spaces on planar domains leads naturally to Schrödinger operators on these
domains [9,10]. We show that compactness of the ∂-Neumann operator and
property (P) on the Hartogs domain are characterized by the asymptotic behavior,
in a “semi-classical limit,” of the lowest eigenvalues (the groundstate energies) of
certain magnetic Schrödinger operators on the base domain and their nonmagnetic
counterparts, respectively.
To state the main result of this paper, we need to introduce some notation
and recall some terminology. A compact set K ⊂ Cn is said to satisfy property
(P) if for every positive number M , there exists a neighborhood U of K and a
C2-smooth function λ on U , 0  λ  1, such that for all z in K , the smallest
eigenvalue of the Hermitian form (∂2λ(z)/∂zj ∂z¯k)nj,k=1 is at least M . Let D be a
bounded domain in C and let φ ∈C2(D). Let
Sφ =−
[
(∂x + iφy)2 + (∂y − iφx)2
]+∆φ
be a magnetic Schrödinger operator and let S0φ =−∆+∆φ be the corresponding
nonmagnetic Schrödinger operator. Let λφ(D) and λ0φ(D) be the first eigenvalues
of the Dirichlet realization of Sφ and S0φ on D, respectively. (See Section 2 below
for details.) We will also use the notation λ(D) for λφ≡0, that is, for the lowest
eigenvalue of minus the Dirichlet Laplacian.
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Theorem 1. Let Ω = {(z,w) ∈ C2; z ∈D, |w|< e−φ(z)} be a smooth bounded
complete pseudoconvex Hartogs domain in C2. Suppose that bΩ is strictly
pseudoconvex on bΩ ∩ {w= 0}. Then
(1) bΩ satisfies property (P) if and only if limn→∞ λ0nφ(D)=∞.
(2) N is compact if and only if limn→∞ λnφ(D)=∞.
The necessity in part (2) of Theorem 1 is implicit in Proposition 2 of Matheos’
paper [11]. Note that Snφ = −n2[(1/n)∂x + iφy)2 + ((1/n)∂y − iφx)2] + n∆φ.
Letting n tend to infinity is thus analogous, in a sense, to letting “Planck’s
constant” h= 1/n tend to zero. Study of the latter situation is often referred to as
semi-classical analysis (see, e.g., [12, Chapter 1].
Global regularity is not an issue for the domains we study here: the ∂-Neumann
problem is globally regular on any smooth bounded complete pseudoconvex
Hartogs domain in C2 [13].
Sibony [14] (see also [15]) undertook a systematic study of property (P), under
the name of B-regularity, on arbitrary compact sets in Cn. Some of this work is
also discussed in Section 3 of [4]. In particular, in the situation of Theorem 1,
bΩ satisfies property (P) (in C2) if and only if W := {z ∈D |∆φ = 0} satisfies
property (P) in the plane [14, p. 310]; see also Section 5 below.
We refer the reader to [4] for a detailed discussion of compactness in the ∂-
Neumann problem. As mentioned above, on a bounded pseudoconvex domain,
property (P) implies compactness of the ∂-Neumann operator. For sufficiently
smooth domains, see [6]; the second author observed in [16] that no boundary
regularity at all is needed. In light of Theorem 1, a quantitative way to look
at this result in the case of Hartogs domains in C2 is through (a special case
of) Kato’s inequality (see Proposition 3 below): λnφ(D)  λ0nφ(D). It would
be of considerable interest, both from the point of view of the ∂-Neumann
problem and from that of Schrödinger operators, to determine whether or not
conversely, the (equivalent) properties in part (2) of Theorem 1 imply those in
part (1). For an example of a continuous (but nonsmooth) subharmonic φ where
limn→∞ λnφ(D)=∞, but limn→∞ λ0nφ(D) <∞, see [17].
Recently, McNeal [18] showed that a variant of property (P) still implies
compactness of the ∂-Neumann operator. For the domains we consider here, this
variant turns out to be equivalent to property (P); we discuss this in Appendix A.
2. Schrödinger operators
In this section, we collect some facts about the Schrödinger operators that arise
in the setting of Theorem 1. The reader may in addition consult [10].
Let D be a bounded domain in C and let φ(z) ∈ C2(D). Let L¯φ = e−φ ×
(∂/∂z¯)(eφ·)= ∂z¯ + φz¯ be the first-order differential operator defined in the sense
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of distributions on L2(D) and let Lφ = −eφ(∂/∂z)(e−φ ·) = −∂z + φz be the
(formal) adjoint of L¯φ . The domain of the actual adjoint of L¯φ is the Sobolev
space W 10 (D). Note that L¯φ is just ∂/∂z¯ conjugated by multiplication by eφ .
Consider the closed, positive semi-definite sesquilinear form
Qφ(u, v)= 4(Lφu,Lφv)
defined on W 10 (D)×W 10 (D)⊂ L2(D)×L2(D). Let Sφ be the unique nonnega-
tive, self-adjoint, densely defined operator on L2(D) corresponding to Qφ(u, v).
For the connection between quadratic forms and (unbounded) self-adjoint opera-
tors, see, for example, [19, Section VIII.6]. Then Dom(Sφ)=W 10 (D) ∩W 2(D),
and on this domain
Sφ = 4L¯φLφ =−
[
(∂x + iφy)2 + (∂y − iφx)2
]+∆φ. (1)
This is the Dirichlet realization of the Schrödinger operator on D with magnetic
potential A = (−φy,φx) = −φy dx + φx dy , magnetic field dA = ∆φ dx ∧ dy ,
and electric potential V = ∆φ. Since Dom(Sφ) = W 10 (D) ∩ W 2(D) embeds
compactly into L2(D), Sφ has compact resolvent. By construction, Sφ is the
restriction to its domain of an isomorphism of W 10 (D) onto W
−1(D). Conse-
quently, as an (unbounded) operator on L2(D), it is injective and onto, and so has
a bounded inverse (which moreover is then compact). Let S0φ =−∆+∆φ be the
Schrödinger operator without magnetic potential corresponding to Sφ (with the
same domain as Sφ ); it too has compact resolvent. Because both Sφ and S0φ have
compact resolvent, the spectrum in each case consists of a sequence of eigenvalues
tending to infinity. Let λφ(D) and λ0φ(D) be the first eigenvalues of Sφ and S
0
φ ,
respectively. Note that
λφ(D)= inf
{
4
∫
D
|Lφu|2 dA
/∫
D
|u|2 dA, u ∈C∞0 (D), u ≡ 0
}
= inf
{
4
∫
D
|uz|2e2φ dA
/∫
D
|u|2e2φ dA, u ∈ C∞0 (D), u ≡ 0
}
. (2)
The case of most interest to us is that of a subharmonic φ (i.e., ∆φ  0);
this corresponds to pseudoconvexity of the Hartogs domain Ω . It turns out that
subharmonicity of φ can be characterized in terms of the behavior of the lowest
eigenvalues λ0tφ(D) and λtφ(D). The equivalence of (1) and (3) below is in [20].
Proposition 2. The following are equivalent:
(1) ∆φ  0;
(2) lim inft→∞ λ0tφ(D) > 0;
(3) lim supt→∞ λtφ(D) > 0.
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Proof. (1) implies (2) because S0tφ −∆ (as operators) when ∆φ  0, and−∆ > 0 (as operators). (2) implies (3) because λtφ(D) λ0tφ(D); for this, see
Proposition 3 below. Finally, the proof that (3) implies (1) can be found in
[20, proof of Proposition 1.5] and the remark immediately following that proof
(bottom of p. 212). ✷
Remark 1. (1) Note that λ(D) provides a lower bound on lim inft→∞ λ0tφ(D) that
is independent of φ, for φ’s that satisfy one of the properties in Proposition 2.
In particular, the quantities in (2) and (3) in the proposition cannot be arbitrarily
small positive for D given. λ(D) itself can be estimated from below by π/|D|,
where |D| denotes the area of D; this is a consequence of the Poincaré inequality
(see, e.g., [21, inequality (7.44)]).
(2) In general, one does not have lim supt→∞ λtφ(D) = lim inft→∞ λtφ(D).
For example, if D is an annulus and ∆φ = 0 on D then λtφ(D) is a periodic
function of t with minimum λ(D) and maximum λ(D\L), where L is a path
connecting the components of bD (see [22, Theorem 1.1 and Remark 1.5(vi)]).
The first part of the following proposition is a special case of an inequality of
Kato [23]; see also [10]. The second part goes back to [24]. A detailed proof of
the proposition is in [12, Lemma 7.2.1.2 and Theorem 7.2.1.1], to where we refer
the reader.
Proposition 3. λφ(D)  λ0φ(D). Furthermore, equality holds if and only if (1)
∆φ = 0 on D and (2) (1/2π) ∫
γ
A ∈ Z for any simple closed smooth curve γ
in D. In this case, Sφ(D) and S0φ(D) are unitarily equivalent via u↔ eihu for a
(R mod 2π)-valued h with dh=A.
The proof in [12] uses the following identity from [24], which can be obtained
by integration by parts:
4‖Lφu‖2 − λ0φ(D)‖u‖2
= ∥∥(∂x + iφy − u0x/u0)u∥∥2 + ∥∥(∂y − iφx − u0y/u0)u∥∥2. (3)
Here, u0 denotes the (normalized) eigenfunction of S0φ to the eigenvalue λ0φ .
(This eigenvalue is known to be simple, and u0 is known to be zero free in D;
see, e.g., [19], also the discussion in 7.2.1 in [12].) In particular, the difference
λφ(D)− λ0φ(D) is the infimum of the right-hand side of (3) over all u ∈ C∞0 (D)
with ‖u‖ = 1. Replacing φ by nφ in (3) gives a semi-explicit expression for
λnφ(D)− λ0nφ(D), which is the quantity of concern in the question of whether or
not property (P) and compactness of the ∂-Neumann operator are actually equiv-
alent for the domains in C2 considered in Theorem 1. We call the expression
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semi-explicit because it involves taking the infimum and it involves the eigen-
function u0, which depends on n. This latter dependence may possibly be miti-
gated by passing to subsequences which converge in appropriate senses; compare
the discussion in Section 3. Nonetheless, formula (3) notwithstanding, it appears
that determining whether or not λnφ(D) tending to infinity implies that λ0nφ(D)
tends to infinity is a nontrivial matter. Note that if W := {z ∈D |∆φ(z)= 0} has
nonempty interior, both eigenvalues are bounded above, for each n, by the cor-
responding eigenvalues on, say, a disc contained in the interior of W . On such
a disc, the magnetic and nonmagnetic eigenvalues agree, by Proposition 3, and
moreover, the nonmagnetic eigenvalue is the same as that of −∆. So both se-
quences are bounded above (and thus fail to converge to infinity). Alternatively, if
W contains a disc, bΩ contains an analytic disc, and both property (P) and com-
pactness of the ∂-Neumann operator fail (see [4] for details). In contrast, when
W has empty fine interior (see Section 3), then bΩ satisfies property (P) and the
∂-Neumann operator on Ω is compact so that both sequences of eigenvalues tend
to infinity (in view of Theorem 1). Consequently, the case of interest is that of
W with empty Euclidean interior, but nonempty fine interior. (When W has non-
empty fine interior, there exists some smooth subharmonic function ψ , such that
W = {z ∈C |∆ψ = 0} and limn→∞ λnψ (D) <∞; see Remark 3 below.)
We point out that when no smoothness restrictions are placed on the boundary
of Ω , compactness in the ∂-Neumann problem does not imply property (P). The
domain {(z,w) ∈ C2 | 0 < |z| < 1, |z|2 + |w|2 < 1}, obtained by deleting from
the unit ball the variety {z = 0}, has an analytic disc in its boundary (a fortiori,
the boundary does not have property (P)), yet its ∂-Neumann operator is compact
(see [4], example on p. 150 preceding Proposition 4.1). The point is that the L2-
theory does not detect the deletion of the variety {z = 0}, and as a result, the ∂-
Neumann operator inherits compactness from the ∂-Neumann operator on the unit
ball. Recently, Christ and Fu [17] have constructed an example of a continuous
subharmonic φ with ∇φ ∈ L2(D), ∆φ ∈ L1(D), and limn→∞ λnφ(D)=∞, but
limn→∞ λ0nφ(D) <∞.
That magnetic Schrödinger operators majorize their nonmagnetic counterparts
in some appropriate sense, such as Kato’s inequality, is generally referred to
as diamagnetism, and the opposite direction (usually in terms of more general
so called Pauli operators) is called paramagnetism. The property in question in
the previous paragraph may thus be viewed as a paramagnetic property of the
family of Schrödinger operators {Snφ | n ∈N} and their nonmagnetic counterparts
{S0nφ | n ∈ N}. It appears that what is known in the theory of Schrödinger
operators in this direction concerns cases that, when specialized to the context
of Theorem 1, cover situations that are well understood from the point of view
of the ∂-Neumann problem. For example, when the magnetic field is constant a
result of Lieb (which is in terms of more general Pauli operators; see [25]) implies
that λφ(D) λ02φ(D). Lieb’s result was later generalized by Avron and Seiler to
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the case where the magnetic fields are given by certain polynomials [26]. The
ideas in the proofs of these results actually work when φ(z)=∑mj=1 |hj (z)|2.
Proposition 4. If φ =∑mj=1 |hj (z)|2, where hj (z) are holomorphic on D, then
λφ(D) λ02φ(D). (4)
Proof. Let g be a real-valued eigenfunction of S02φ corresponding to λ
0
2φ =
λ02φ(D). For ζ ∈Cm, we let
H(z, ζ )=−
m∑
j=1
(
hj (z)ζj + |ζj |2
)
, Ψ (z, ζ )= e−φ+H(z,ζ ),
and f = gΨ . It follows that Sφ(f )= λ02φf + 4(2φz −Hz)Ψgz¯. Therefore,
(
Sφ(f ), f
)= λ02φ‖f ‖2 − 2
∫
D
∂|Ψ |2
∂z
∂g2
∂z¯
= λ02φ‖f ‖2 + 2
∫
D
∂2|Ψ |2
∂z∂z¯
g2
= λ02φ‖f ‖2 + 2
∫
D
|f |2(|2φz −Hz|2 − 2φzz¯)
= λ02φ‖f ‖2 + 2
m∑
j,k=1
∫
D
hjzh¯kz
∂2|Ψ |2
∂ζ¯j ∂ζk
g2.
Denote I (ζ ) the last term above. It follows from the divergence theorem that∫
Cm
I (ζ )= 0. Therefore, there is a ζ0 ∈Cm such that I (ζ0) 0. We then conclude
the proof. ✷
Remark 2. Proposition 4 does not hold for all φ with ∆φ  0. For example, if
D = {z ∈ C; 1/2 < |z|< 2} and ∆φ = 0 on D, then λ02φ(D) = λ(D) = λ0φ(D),
which is strictly less than λφ(D) unless (1/2π)
∫
|z|=1A ∈ Z (Proposition 3). By
a limiting process, one can in fact find examples such that D is the unit disc and
∆φ  0 on D but (4) fails.
3. Some potential theory
Recall that the fine topology on C is the weakest topology so that every
subharmonic function is continuous. A general reference for the basic facts about
the fine topology in C is [27]. We use intf to denote the interior in the fine to-
pology.
The Dirichlet problem for (minus) the Laplacian can be formulated on finely
open sets; see [28, Section 3] and references therein for this formulation. The
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resulting theory inherits many features of the classical theory, but avoids some of
its problems having to do with “stability” of sets (see [28, Remark 2.4]). What
matters for us is the behavior of the first eigenvalue under a decreasing sequence
of finely open sets. If U is finely open, we still use λ(U) to denote this eigenvalue.
Then, if {Uj }∞j=0 is a decreasing sequence of bounded finely open sets in C,
{λ(Uj )}∞j=0 is increasing (as in the classical case), and (unlike the classical case)
limj→∞ λ(Uj )= λ(intf (⋂j Uj )) [28, Theorem 2, part 1◦].
The next proposition combines work of Fuglede and Sibony. We need it in the
proof of part (1) of Theorem 1.
Proposition 5. Let K be a compact subset of C. The following are equivalent:
(1) K satisfies property (P).
(2) K has empty fine interior.
(3) K supports no nonzero function in W 10 (C).
(4) For any open sets Uj such that K ⊂⊂ Uj+1 ⊂⊂ Uj and ⋂∞j=1 Uj = K ,
λ(Uj )→∞ as j →∞.
Proof. The equivalence of (1) and (2) is [14, Proposition 1.11]. Let {Uj }∞j=0 be a
sequence of (Euclidean) open sets with K ⊂⊂ Uj+1 ⊂⊂ Uj and ⋂j Uj =K . If
(2) holds, then {0} = W 10 (intf K) =
⋂∞
j=1W 10 (Uj ) [28, Lemma 1.1(ii)], which
gives (3). If (3) holds, (4) must hold. If not, there would exist a sequence of
functions {uj }∞j=1, uj ∈W 10 (Uj ), with ‖uj‖ = 1 and ‖∇uj‖ const (use (2) for
φ ≡ 0), for a suitable sequence {Uj }∞j=1. Passing to a subsequence that converges
both weakly in W 10 (C) and in norm in L2 of a neighborhood of K would yield a
nonzero element of W 10 (C) that is supported on K , contradicting (3). Finally, (4)
implies (2) because limj→∞ λ(Uj ) = λ(intf (⋂j Uj )) = λ(intf K), and the last
quantity is finite if intf K = ∅; see [28, Theorem 2, part 1◦]. ✷
Remark 3. There are also characterizations of sets with empty fine interior in
terms of logarithmic capacity [27, Chapter 10, Section 5] and in terms of Brown-
ian motion [29, Section 2.IX.15]. Our work shows that such a characterization
can also be given in terms of nonmagnetic Schrödinger operators: a compact
set K ⊆ C has empty fine interior if and only if for every smooth subharmonic
function φ on a domain D with K ⊂⊂ D, such that K ⊇ {z ∈ C | ∆φ = 0},
limn→∞ λ0nφ(D) = ∞. If K has empty fine interior, then combining Proposi-
tion 5 and (the proof of) part (1) of Theorem 1 shows that limn→∞ λ0nφ(D)=∞
for the φ’s under consideration. Conversely, the authors have shown [4, Theo-
rem 4.2] that if K has nonempty fine interior, there exists a smooth, bounded,
pseudoconvex, complete Hartogs domain in C2 whose weakly pseudoconvex
boundary points project onto K and whose ∂-Neumann operator is not com-
pact. Moreover, the Hartogs domain can be chosen to satisfy the assumptions
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in Theorem 1. Consequently, the resulting function φ on the base domain D sat-
isfies lim infn→∞ λnφ(D) <∞ (Theorem 1). A fortiori, lim infn→∞ λ0nφ(D) <∞
(Proposition 3).
4. Proof of Theorem 1
Let W = {z ∈D |∆φ(z)= 0}. Because bΩ is strictly pseudoconvex near the
points of the boundary where w = 0, W is a compact subset of D. To prove part
(1) of Theorem 1, we use that bΩ satisfies property (P) if and only if W satis-
fies property (P) as a set in C [14, p. 310]; see also Appendix A below. In turn,
W satisfies property (P) if and only it satisfies (4) in Proposition 5. Fix a sequence
{Wj }∞j=1 of open subsets of D such that W =
⋂
j Wj , and W ⊂⊂ Wj+1 ⊂⊂
Wj ⊂⊂D.
Assume W satisfies (4) in Proposition 5. Let ηj ∈ C∞0 (Wj ), 0  ηj  1, and
ηj = 1 on Wj+1. For any u ∈C∞0 (D), j ∈N,
(
S0nφu,u
)= ‖∇u‖2 + n∥∥√∆φu∥∥2  1
2
∥∥∇(uηj )∥∥2 + n2
∥∥√∆φu∥∥2
 1
2
λ(Wj )‖uηj‖2 + n2
∥∥√∆φu∥∥2  1
2
λ(Wj )‖u‖2
when n is sufficiently large. By assumption, λ(Wj )→∞ as j →∞. Therefore
limn→∞ λ0nφ(D) = ∞. This finishes one direction in the proof of part (1) of
Theorem 1.
For the other direction, observe that for all (n, j) ∈N×N, λ0nφ(D) λ0nφ(Wj )
(by the monotonicity with respect to the domain of the eigenvalue). Also, for
u ∈C∞0 (Wj ),(
S0nφu,u
)= (−∆u+ n∆φu,u) (−∆u,u)+ (u,u)
if j is big enough relative to n so that |n∆φ|  1 on Wj . Consequently,
λ(Wj )  λ0nφ(Wj )− 1  λ0nφ(D)− 1 if j is big enough relative to n. It follows
that limj→∞ λ(Wj )=∞, since limn→∞ λ0nφ(D)=∞. Since the sequence Wj is
arbitrary, this concludes the proof of part (1) of Theorem 1.
We now prove the necessity in part (2) of Theorem 1. As noted before, this also
follows from Proposition 2 in [11]. We provide a proof that does not require any
regularity of bΩ . (In this case, λnφ(D) is defined by the second equality in (2).)
We use the fact that compactness of N is equivalent to compactness of Kohn’s
canonical solution operator S = ∂∗N , which is in turn equivalent to the following
compactness estimates: For any 4 > 0, there exists C4 > 0 such that
‖Su‖2  4‖u‖2 +C4‖u‖2−1 (5)
for all u ∈L2(0,1)(Ω) (see [4, Lemma 1.1]).
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Let β ∈ C∞0 (D) and let un = β(z)wn dz¯ and fn(z,w) = S(un). Then
fn(z,w) = gn(z)wn and ∂gn(z)/∂z¯ = β(z). Plugging this into (5) and using the
fact that ‖β(z)wn‖2−1,Ω  (1/n2)‖β(z)wn‖2Ω , we obtain that there exists N4 > 0
such that ‖gn(z)wn‖2  4‖β(z)wn dz¯‖2 when n >N4 . Therefore,∫
D
|gn(z)|2e−2(n+1)φ(z) dA(z) 4
∫
D
|β(z)|2e−2(n+1)φ(z) dA(z).
Duality gives for u ∈C∞0 (D)∫
D
|u(z)|2e2(n+1)φ(z)
= sup
{
|〈u,β〉|2; β ∈ C∞0 (D),
∫
D
|β|2e−2(n+1)φ(z)  1
}
 sup
{
|〈uz, gn〉|2;
∫
D
|gn|2e−2(n+1)φ  ε
}
 ε
∫
D
|uz|2e2(n+1)φ.
The middle inequality follows from consideration of the special gn associated in
the previous paragraph to a β ∈ C∞0 (D). In view of (2), this concludes the proof
of necessity.
We now proof the sufficiency. Since compactness of the ∂-Neumann operator
is a local property (see [4, Lemma 1.2]; the direction we need here follows from
a simple partition of unity argument) and since by assumption bΩ is strictly
pseudoconvex in a neighborhood of bΩ ∩ {w = 0}, we need only establish
compactness estimates [4, Lemma 1.1] for forms whose support is away from
bΩ ∩ {w = 0}. Moreover, by the interior elliptic regularity of ∂ ⊕ ∂∗, we need
only consider forms whose support is close to bΩ . Choose Dˆ ⊂⊂ D such that
bΩ is strictly pseudoconvex on a neighborhood of the part of bΩ over the outside
of Dˆ.
We work for a moment on Dˆ×S1 (S1 is the unit circle). Denoting the variables
on Dˆ×S1 by (z, t), let L= ∂z+ iφz∂t . We use ||| · ||| to denote norms on Dˆ×S1.
We will prove that for every 4 > 0, there exists C4 > 0 such that
|||u|||2  4(|||Lu|||2 + |||L¯u|||2)+C4 |||u|||2−1 (6)
for u ∈ C∞0 (Dˆ × S1). By the assumption on the eigenvalues λnφ(D), there exists
N4 > 0 such that when n >N4 ,
‖v‖2  4‖Lnφv‖2, for all v ∈ C∞0 (Dˆ).
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(Note that λnφ(Dˆ) λnφ(D).) Taking conjugates, we obtain that when n <−N4 ,
‖v‖2  4‖L¯nφv‖2, for all v ∈C∞0 (Dˆ).
Therefore, when |n|>N4 ,
‖v‖2  4(‖Lnφv‖2 + ‖L¯nφv‖2), for all v ∈ C∞0 (Dˆ).
For u ∈ C∞0 (Dˆ× S1), write
u=
∞∑
n=−∞
un(z)e
int ,
where un(z)= (1/2π)
∫ 2π
0 u(z, e
it )e−int dt ∈C∞0 (Dˆ). Then
Lu=
∞∑
n=−∞
(−Lnφun)eint
and
1
2π
|||u|||2 = 1
2π
∞∑
n=−∞
|||un|||2 =
∞∑
n=−∞
‖un‖2

∑
|n|N4
‖un‖2 + 4
∑
|n|>N4
(‖Lnφun‖2 + ‖L¯nφun‖2)
= 4
2π
(|||Lu|||2 + |||L¯u|||2)
+
∑
|n|N4
(‖un‖2 − 4(‖Lnφun‖2 + ‖L¯nφun‖2)).
The last sum in the above inequalities is less than or equal to
C4
∑
|n|N4
‖un‖2−1
for some sufficiently large C4 , depending only on 4. This is because ∀n, Lnφ
and L¯nφ have a compact inverse (see Section 2), which implies ‖un‖2  4×
(‖Lnφun‖2 + ‖L¯nφun‖2) + C4‖un‖2−1 for a constant C4 . (This is analogous to
Lemma 1.1 in [5]; see also Lemma 1.1 in [4].) C4 depends on n, but because
we are now only concerned with n’s satisfying |n|  N4 , C4 may be chosen
depending only on 4. The desired inequality (6) now follows from the fact that
the last sum above is controlled by |||u|||2−1.
We now return to the setting of the Hartogs domain in Theorem 1. For the
part of the boundary over Dˆ, we may use as defining function the function
ρ(z,w) = (1/2) log(wwe2φ). For, say, 0 < r < 1, the level sets Mr = {ρ = −r}
are the surfaces {|w|2 = e2φ−2r}. For r fixed, we use coordinates (z, t) on Mr via
(z, t)↔ (z, e−φ(z)−r+it ). Denote by L1 the usual complex tangential field of type
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(1,0) given by ρz∂w − ρw∂z. A computation shows that when restricted to Mr ,
2wL1 becomes ∂z + iφz∂t , which is the operator L considered in the previous
paragraph. Let now u be a smooth function supported above Dˆ and sufficiently
close to bΩ . Denote by dσr the surface measure on Mr . Using that dV in C2 is
comparable to dσr dr (on supp(u)), and dσr is comparable to dV (z) dt , uniformly
in r , we obtain from (6)
‖u‖2 =
∫
Ω
|u|2 %
1∫
0
( ∫
Mr
|u|2 dσr
)
dr
 4
1∫
0
( ∫
Mr
(|Lu|2 + |L¯u|2)dσr
)
dr +C4
1∫
0
‖u‖2−1,Mr dr
 4
1∫
0
( ∫
Mr
(|L1u|2 + |L¯1u|2)dσr
)
dr +C4‖u‖2−1
 4
(‖L1u‖2 + ‖L¯1u‖2)+C4‖u‖2−1.
Here, as usual,  indicates “less than or equal to, up to a constant factor that
is independent of 4.” Let now α = a1 dz¯ + a2 dw ∈ C∞(0,1)(Ω) ∩ Dom∂∗, with
support above Dˆ and close to bΩ . Changing C4 if necessary, we get from the
estimate above
‖α‖2  4(‖L1α‖2 + ‖L¯1α‖2)+C4‖α‖2−1,
where L1 and L¯1 act componentwise on forms, as usual.
We next invoke maximal estimates [30, Théorème 3.1]: in C2, ‖L1α‖2 +
‖L¯1α‖2 is controlled by ‖∂α‖2+‖∂∗α‖2. (Actually, the statement in [30] includes
the term ‖α‖2, but this term is now well known to be bounded by ‖∂α‖2+‖∂∗α‖2;
alternatively, we may absorb it into the left-hand side.) The result of applying the
maximal estimates is (again, C4 may have to be increased)
‖α‖2  4(‖∂α‖2 +‖∂∗α‖2)+C4‖α‖2−1.
This is the required compactness estimate. The proof of Theorem 1 is com-
plete. ✷
Remark 4. The assumption in Theorem 1 that Ω is strictly pseudoconvex near
the boundary of the base is not essential. It suffices for example that the boundary
is of finite type [31] near points of bΩ ∩ {w = 0}. One can then replace W by the
(Euclidean) closure of intf (W) in the above proofs (compare [28]). This set will
be relatively compact in D because ∆φ vanishes to infinite order at fine interior
points of W (see [27, Corollary 10.5 or Theorem 10.14]. We leave the details to
the reader.
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Appendix A
In this section, we show that on the domains considered in Theorem 1, property
(P) and property (P˜) are actually equivalent.
We first recall the definition of property (P˜) by McNeal in [18]. A compact
set K in Cn is said to satisfy property (P˜) if for any M > 0 there exists a neigh-
borhood U of K and g ∈C2(U) such that
(1) |〈∂g,X〉|2  Lg(X);
(2) Lg(X)M|X|2.
Here 〈· , ·〉 is the pairing between a form and a vector and Lg(X) = ∂∂g(X,X).
(1) is equivalent to −e−g being plurisubharmonic in U (see the discussion in
[18]).
Lemma 6. Let Ω be a smooth bounded complete pseudoconvex Hartogs domain
in C2. Assume that bΩ is strictly pseudoconvex at the base. Then bΩ satisfies
property (P) if and only if it satisfies property (P˜).
Proof. It is easy to see that property (P) always implies property (P˜) [18]: if λ is
the function in the definition of property (P), it suffices (modulo a normalization)
to consider the function g = eλ. The other direction follows by combining
Lemmas 7 and 8 below. ✷
Let Ω = {(z,w); z ∈D, |w|< e−φ}. Then ∆φ  0 and the weakly pseudo-
convex points correspond to the set of base points W = {z ∈D |∆φ = 0}. Note
that W ⊂⊂D.
Lemma 7. Let K be a compact subset of C. Then K satisfies property (P) if and
only if it satisfies property (P˜).
Proof. We only have to show that property (P˜) implies property (P). In light
of Proposition 5, it suffices to show that for any open sets Uj such that K ⊂⊂
Uj+1 ⊂⊂Uj and ⋂∞j=1 Uj =K , limj→∞ λ(Uj )=∞.
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For any M > 0, there exists a neighborhood U of K and g ∈ C2(U) such
that |gz|2  gzz¯ and gzz¯ M on U . Assume that j0 is sufficiently large so that
Uj0 ⊂⊂U . It follows from an easy integration by parts that∫
Uj0
∣∣∣∣uz − 12gzu
∣∣∣∣
2
dA= 1
2
∫
Uj0
gzz¯|u|2 dA+
∫
Uj0
∣∣∣∣uz¯ + 12gz¯u
∣∣∣∣
2
dA
for any u ∈ C∞0 (Uj0). The left-hand side of the above equation is bounded from
above by 3‖uz‖2 + (3/8)‖gzu‖2 while the right-hand side is bounded from below
by (1/2)
∫
gzz¯|u|2 dA. Therefore,∫
Uj0
|uz|2 dA 124
∫
Uj0
gzz¯|u|2 dA M24
∫
Uj0
|u|2 dA.
Hence λ(Uj )  λ(Uj0)  M/6 when j  j0. This concludes the proof of
Lemma 7. ✷
Lemma 8. Assumptions as in Lemma 6. Then
(1) bΩ satisfies property (P) if and only if W satisfies property (P).
(2) bΩ satisfies property (P˜) if and only if W satisfies property (P˜).
Proof. Part (1) may be found in [14, p. 310].
To prove (2), first note that if W satisfies property (P˜), it satisfies property (P)
(Lemma 7); hence so does bΩ , by part (1). But then bΩ also satisfies property
(P˜), by the discussion above.
The proof of the other direction is completely analogous to the proof of the
corresponding direction in (1). We are indebted to Nessim Sibony for a private
communication [32] on the details of the argument in [14]. Fix M > 0. Let g be
the corresponding plurisubharmonic function from the definition of property (P˜).
Replacing g by (1/2π)
∫ 2π
0 g(z,we
iθ ) dθ , we may assume that g is invariant
under rotations in the w variable. Consider h(z) := g(z, e−φ(z)), defined in a
neighborhood of D. Then, for a sufficiently small neighborhood U of W ,
hzz¯ M, |hz|2  hzz¯. (A.1)
This is a matter of computation. This computation can be somewhat simplified by
first observing that the function g1(z,w) := g(z, ew), defined in a neighborhood
of the set {(z,w) ∈C2 | z ∈D, w+w=−2φ(z)}, also satisfies (1) and (2) in the
definition of property (P˜), with M replaced by, say, M˜ = (min{e−2|φ(z)|−1 | z ∈
U})M , where U is a suitable neighborhood of W (after shrinking the neighbor-
hood where g1 is defined, independently of M). Now h(z)= g1(z,−φ(z)); also
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note that since g is invariant under rotations in the w variable, g1 is independent
of the imaginary part of w; that is, (g1)w ≡ (g1)w . It follows that
hz = (g1)z − 2(g1)wφz = 〈∂g1,X〉
and
hzz¯ = Lg1(X)− 2(g1)wφzz¯,
where X = (1,−2φz). Consequently, (A.1) is satisfied at points of W (where
φzz¯ = 0), up to replacing M by M˜ . Rescaling h (for example, replacing h by
h/2) allows one to conclude (A.1) for z in a small enough neighborhood of W
(by continuity). ✷
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